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Super symmetry of the magnetic vortex 



C. DUVAL (1) and P. A. HORVATHY {^) 

Abstract. The N = 2 supersymmetry of the Pauli Hamiltonian in any static magnetic field in the plane 
combines, for the magnetic vortex, with Jackiw's bosonic o(2) x o(2, 1) symmetry, into an o(2) x osp(l/2) 
00 ' dynamical supersymmetry. 
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A few years ago, Jackiw [1] pointed out that a spin-0 particle in a Dirac monopole field has an o(2, 1) 
dynamical symmetry, generated by the spin-0 Hamiltonian, Hq — tv" /2m where 7r = p — eA, by the dilatation 
and by the expansion. 



(1) D = tHo-l{'!T,r} and K = -t'^Ho + 2tD + fr"^, 

Oh' 

i-G I to which angular momentum adds an o(3). This allowed him to calculate the spectrum and the wave functions 

group-theoretically [1]. 

^ ■ Jackiw's result was extended to spin-i particles by D'Hoker and Vinet [2] who have shown that, for 

the Pauli Hamiltonian H^{l/2m) [tt^ — eB • <t] , not only the conformal generators D and K, but also the 



l/^ ■ fermionic generators Q — l/y/2mTT ■ cr and S= y^m/2r ■ <j — tQ are conserved. Thus, the spin system admits 

^^ ■ an o(3) X osp(l/l) conformal supersymmetry, yielding now an algebraic solution of the Pauli equation [2]. 
^^ ' More recently, Jackiw [3] found that the o(2, 1) symmetry, generated by — formally — the same D and 

oo ■ 

o 



K as above, is also present for a magnetic vortex (an idealization for the Aharonov-Bohm experiment [4]), 
allowing for a group-theoretic treatment of the problem. 

In this Letter we show that the N = 2 supersymmetry of the Pauli Hamiltonian of a spin-^ particle 



^ ' (present for any magnetic field in the plane [5]) combines, for a magnetic vortex, with Jackiw's o(2) x o(2, 1) 

into an o(2) x osp(l/2) superalgebra. This result is to be compared with the Galilean supersymmetry 
discovered recently by Leblanc et al. [6] for non-relativistic Chern-Simons systems, and with the osp(l/2) 
found by Hughes et al. for a constant magnetic field [7]. 

Thus the planar system has more symmetries as its higher-dimensional counterpart. We call this su- 
persymmetry exotic, because it is realized with two — rather then four-component — objects. Our pseudo- 
classical calculations in Ref. [6] indicate that such an 'exotic' supersymmetry is only possible in two spatial 
dimensions — one more indication of the particular status of two-dimensional physics. 

Let us start with a spin-^ particle in a static magnetic field B = (O, 0, B{x, y)). Dropping the irrelevant 
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z variable, we can work in the plane. Then our model is described by the Pauli Hamiltonian 

(2) H = l-[.^ - eBa,] , 

where B = iotA=€'^WiAj is the scalar magnetic field. It is now easy to sec that the Hamiltonian is a perfect 
square in two diflferent ways: both operators (^) 

(3) Q — —= TT ■ (J and Q* — —= tt x <t, 

where (t= (cti, (72), satisfy 

(4) {Q,Q}^{Q\Q*}^2H. 

Thus, for any static, purely magnetic field in the plane, H is an iV = 2 supersymmetric Hamiltonian. The 
supercharge Q is a standard object used in supersymmetric quantum mechanics [5]; the 'twisted' charge Q* 
was used, e.g., by Jackiw [8], to describe the Landau states in a constant magnetic field — a classic example 
of supersymmetric quantum mechanics [5,7]. 

Let us assume henceforth that B is the field of a point-like magnetic vortex directed along the z-axis, 
5 = $ (5(r), where $ is the total magnetic flux. This can be viewed as an idealization of the spinning version 
of the Aharonov-Bohm experiment [9] . 

Inserting Ai(r) = — ($/27r) e^ r^/r^ into the Pauli Hamiltonian H, it is straightforward to check that 
D = tiy-i{7r,r}andii' = -t^H+2tD+\mr'^ generate, along with iJ, the o(2, 1) Lie algebra: [D,H] = -iH, 
[D,K] ~iK, [H,K] —2iD. The angular momentum, J = r x tt, adds to this o(2, 1) an extra o(2). (The 
correct definition of angular momentum requires boundary conditions, see [10]). 

Commuting Q and Q* with the expansion, K, yields two more generators, namely 



(5) S^i[Q,K] = J| {r-^t)--, S* = i[Q\K] = J| (r- £t) x a. 



It is now straightforward to see that both sets Q,S and Q*,S* extend the o(2, 1) = osp(l/0) into 
an osp(l/l) superalgebra. However, these two algebras do not close yet: the 'mixed' anticommutators 
{Q, S*} and {Q*, S} bring in a new conserved charge, viz. {Q, S*} — ~{Q*, S} = J + 2S, where S = ^a^. 
But J satisfies now non-trivial commutation relations with the supercharges, [J,Q] — —iQ*, [J,Q*] — iQ, 
[J,S] ^~iS*, [J,S*] ^iS. Thus, setting r = J + 2S = r XTT 4-0-3, the generators iJ,i:>,X,y and Q,Q*,S',S'* 



(^) The cross product of two planar vectors, u x v = CijU^v^ , is a scalar. 
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satisfy 



(6) 



IQ,D] 


= iQ^ 


[Q\D] 
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== -iS*, 


[Q,H] 
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When added to the o(2, 1) relations, this means that our generators span the osp(l/2) superalgebra [2]. On 
the other hand, Z = J + Y, = rx 7v + ^(t^ commutes with all generators of osp(l/2) , so that the full symmetry 
is the direct product osp(l/2) x o(2), generated by 
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where we have put (\~r{'K /m)t. 

The supersymmetric Hamiltonian (1) is the square of Jackiw's [8] two-dimensional Dirac operator tt x cr. 
But the Dirac operator is supersymmetric in any even dimensional space. The energy levels are therefore 
non-negative; eigenstates with non-zero energy are doubly degenerate; the system has Ent(e<l> — 1) zero- 
modes [8, 9]. The superalgebra (6) allows for a complete group-theoretical solution of the Pauli equation, 
along the lines indicated by D'Hoker and Vinet [2]. Details will be given elsewhere. 

Notice that Jackiw's two-dimensional Dirac operator tt x cr in Ref. [8] — essentially our Q* — is 
associated with the unusual choice of the two-dimensional 'Dirac' (i.e. Pauli) matrices 7^" = —U2, 72 = '''i- 
Our helicity operator, Q, is again a 'Dirac operator' — but one associated with the standard choice 7i = (Ti, 



Note added . After this paper was completed and even submitted, we became aware of some papers [11] 
which expressed similar ideas. Our paper has consequently remained unpublished; parts of it entered [12]. 
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